The phenomenon of orbital angular momentum (OAM) affects a variety of important applications in visible optics, including optical tweezers, free-space communication, and 3D localization for fluorescence imaging. The lack of suitable wavefront shaping optics such as spatial light modulators has inhibited the ability to impart OAM on x-ray and electron radiation in a controlled way. Here, we report the experimental observation of helical soft x-ray beams generated by holographically designed diffractive optical elements. We demonstrate that these beams rotate as a function of propagation distance and measure their vorticity and coherent mode structure using ptychography. Our results establish an approach for controlling and shaping of complex focused beams for short wavelength scanning microscopy and OAM-driven applications.
INTRODUCTION
Control over the properties of optical beams has been a driving force for advances in microscopy. Shaping light involves two main ingredients: First, optical elements engineered to redirect radiation, and second, wavefront sensing techniques to assess the performance of these elements and provide feedback for improved fabrication. While this two-step design procedure has pushed visible light microscopes to subwavelength spatial resolution, radiation beyond the visible spectrum is harder to control and monitor (1) . In particular, microscopes operating with x-ray and extreme ultraviolet radiation do not provide wavelength-scale spatial resolution, in contrast to their visible counterparts (2) . However, the past decade has seen remarkable progress in both nanofabrication and wavefront sensing at short wavelengths. For example, new nanofabrication techniques based on helium ion beam lithography can now achieve sub-10-nm patterning resolution (3) . Likewise, wavefront sensing at short wavelengths has been transformed by the emergence of ptychographic coherent diffraction imaging (PCDI) (4) , which is rapidly becoming a standard technique for high-resolution microscopy with coherent x-rays (5, 6) . Primarily used for imaging across large samples at sub-20-nm spatial resolution (7, 8) , ptychography can also be harnessed for wavefront sensing and beam characterization (5, (9) (10) (11) (12) . While alternative wavefront sensing approaches based on the transport of intensity equation (13, 14) suffer from singular behavior and nonuniqueness in the presence of vortices in a wave field (15, 16) , PCDI has been demonstrated to solve this problem by scanning an object laterally through a beam (10) . In the latter reference, the authors applied PCDI to characterize pure Laguerre-Gauss (LG) modes.
In this work, we use specially designed binary diffractive optical elements (DOEs) to synthesize superpositions of LG modes that exhibit rotating intensity distributions, also known as "helical beams" (17) . Such beams have previously been used within the fields of free-space communication, computational imaging with enhanced depth resolution, and optical tweezers (18) (19) (20) (21) . In the x-ray community, vortex beams have been generated by means of spiral phase plates and experimentally studied using interferometry (14) . Spiral zone plates (ZPs) have found application in edge-enhanced x-ray full field microscopy (22) . Special cases of LG modes are predicted to exhibit orbital angular momentum (OAM)-induced x-ray magnetic dichroism (23) . Recent work demonstrated time-dependent OAM in extreme ultraviolet beams, resulting in self-torque (24) . By showing that it is indeed possible to generate high-quality rotating beams in the x-ray spectrum, we enable the extension of important OAM applications from the visible domain into the short-wavelength spectral range. Likewise, by demonstrating that PCDI can be used to accurately measure the phase, vorticity, and spatial coherence structure of these complex fields, we hope to encourage future studies in both the visible and short-wavelength domains to consider PCDI for accurate beam characterization.
Designing diffractive optics for helical soft x-ray beam generation
We designed custom binary diffractive elements to create rotating soft x-ray beams to serve as input beams in ptychography experiments. In what follows, LG modes in polar coordinates (, ) are defined (16) as
where the radial functional dependence R n m is given by
Here, L n m are associated Laguerre functions, w 0 is the beam waist, and the integers m and n are the azimuthal and radial order ranging from −∞ to ∞ and from 0 to ∞, respectively. Linear combinations of LG modes with constant ratios of n = n j + 1 − n j and m = m j + 1 − m j give rise to beams with transverse intensity distributions that rotate as a function of propagation distance (17, 25) . In the following experiments, we present results with two different rotating focal spot distributions, which differ in the expansion coefficients in the LG decomposition. Both manufactured ZPs are shown in Fig. 1 (A and B) . The first beam (green, ZP 1 ) was chosen as a linear combination of equally weighted LG modes with pairs (m 1 , n 1 ) = (1,1), (3, 5) , (5, 9) , (7, 13) , (9, 17) . The second beam (turquoise, ZP 2 ) was composed of (m 2 , n 2 ) = (0,0), (5,1), (10, 2) , with equal weights. The beams were numerically propagated upstream by the desired focal lengths and superimposed with a reference wave to create a hologram (26) . Each hologram was thresholded at half its maximum value to preserve only the regions of constructive interference resulting in binary ZP designs (see the Supplementary Materials). These binary ZPs have focal lengths (f ) of f 1 
where ˆ z = z / z 0 is a normalized axial distance, z is the distance from the beam's focal plane, and z 0 =  w 0 2 /  is the Rayleigh length (25). Thus, both the variation in the nonzero LG coefficients and the Rayleigh length allowed us to experimentally switch between scans for small and large rotation rates. In each respective focal plane, the beams generated by ZP 1 and ZP 2 attain maximum rotation rates of 2 and 1 / 5 rad, respectively. The parameters for both ZPs are summarized in the Supplementary Materials. The above parameters resulted in efficiencies, measured as the integrated squared modulus of the focal plane beam divided by the integrated squared modulus of the beam incident on the ZP area, of 8.0 and 4.2% for ZP 1 and ZP 2 , respectively. The difference in these efficiencies is mainly due to the presence of the larger central stop in ZP 2 , which partially blocks the transmission of the (m, n) = (0,0) LG mode (see the Supplementary Materials). The holographic approach adapted here requires spatial sampling of the ZPs at least at the Nyquist rate, which leads to practical fabrication limits discussed further below. Moreover, the nonlinear operations involved perturb the experimentally observed beam from the target beam (see the Supplementary Materials). Simulations on alternative ZP design schemes have been reported to mitigate these perturbations at the cost of efficiency (27) .
Experimental setup for beam characterization
The experimental setup consists of a conventional scanning transmission x-ray microscope, with the addition of our custom DOEs. Figure 1C depicts the UE46-PGM2 beamline of Berlin Electron Storage Ring Society for Synchrotron Radiation (BESSY II) (Helmholtz Zentrum Berlin) and the MAXYMUS (magnetic x-ray microscope with ultrahigh vacuum spectroscopy) scanning microscope. First, a partially coherent x-ray beam (150 to 1900 eV) is spectrally filtered through crossed exit slits (80 m × 80 m), resulting in an energy resolution of E/E ~10 3 (28) . The ZPs were positioned 3 m downstream of the exit slits to focus the incident radiation onto test specimens mounted on an interferometer-controlled xy translation stage close to the focal plane. An order sorting aperture (OSA) of 25-m-diameter filters out unwanted radiation from higher diffraction orders of the ZP. A charge-coupled device camera (256 × 256 pixels,48 m pixel size) is placed 16 cm downstream of the specimen plane to capture the diffraction patterns generated by the interaction of the rotating beam and the test specimen at a number of different scan positions. The set of diffraction patterns captured for each test target form our ptychography datasets.
RESULTS

Ptychographic reconstruction of helical soft x-ray beams
We characterized the focused x-ray radiation from both ZPs by means of ptychography. Two different test samples were chosen to analyze the beams. First, we used a spokes target (i.e., Siemens star), since its large range of spatial frequencies allows us to assess the spatial resolution of the setup in a standardized manner (29) . Using Fourier ring correlation analysis (30), we estimate the half-period spatial resolution in our reconstructions to be between 25 and 31 nm at an energy of 500 eV (see the Supplementary Materials). Second, a lamella taken from an integrated circuit was used to demonstrate the rotating beams' imaging capability in an applied context. The lamella consists of mainly two regions alternating between 80-and 800-nm thickness. To increase the transmissivity at the thicker cross-sectional regions, the integrated circuit was imaged at an energy of 1000 eV. Figure 2 shows the reconstructed test objects and beams for ZP 1 (left column) and ZP 2 (right column). Figure 2A depicts a scanning electron microscopy (SEM) micrograph of the spokes target that was used together with ZP 1 . A ptychographic scan in a square region of interest of roughly 15 m × 15 m (green inset) was carried out with a linear overlap between adjacent scan positions of 90% (cf. Fig. 2B ) (31) . The reconstructed beam intensities numerically propagated to distances of 250, 500, 750, and 1000 m downstream the focal plane of ZP 1 are shown in Fig. 2 (C to F) , demonstrating that the beam undergoes a rotation angle of slightly less than  rad.
A SEM micrograph of the second specimen, the integrated circuit, is shown in Fig. 2G . Here, a square region of interest of roughly 6 m × 6 m (turquoise inset) was scanned with a linear overlap of 90%. The ptychographic reconstruction is shown in Fig. 2H . Figure 2 (I to L) shows the intensities of the beam propagated to distances of 250, 500, 750, and 1000 m downstream the focal plane of ZP 2 .
Retrieving the vorticity of generated helical beams Given a reconstructed probe beam P(r) = |P(r)| exp [i(r)], the angular momentum L and vorticity  of the beam can be calculated using the relations L(r) = r × J(r) and (r) = ∇ × J(r), respectively, where J(r) = |P(r)| 2 ∇ (r) is the optical current associated with the beam (32) . The vorticity is proportional to the torque acting on a small particle placed in the beam and, as opposed to the angular momentum, is independent of the choice of coordinate system. Figure 3 shows the evolution of the helical beam (ZP 1 ) along the propagation direction. Figure 3A depicts a three-dimensional (3D) rendering of the central two lobes of the helical beam. Figure 3 (B to G) shows sections of the beam intensity as a function of propagation distance. The z-component of the vorticity is shown in Fig. 3 (H to M) , where all images share the same scale as indicated in Fig. 3G . The vorticity takes on its largest absolute value around the focal plane (Fig. 3J) . In addition, the vorticity inside the helical beam can take on two polarities (red and blue) as opposed to beams produced by spiral ZPs generating pure LG modes (10), which have only one polarity.
Spatial coherence analysis
To study the focusing properties of ZP 2 under partially coherent illumination, the exit slits of the beamline were opened up to a size of 100 m × 100 m. We selected ZP 2 to generate a partially coherent rotating beam in this experiment owing to its larger diameter. The large exit slit aperture and ZP diameter resulted in significantly lower spatial coherence than investigated in a previous experiment, where a coherence analysis with an exit slit opening of 20 m × 20 m and a ZP diameter of 30 m was reported (11) . The coherent mode structure of the beam produced by ZP 2 was computationally recovered using state mixture ptychography (33) . The reconstructed coherent modes, after numerical back-propagation into the OSA plane, are depicted in Fig. 4 . Figure 4A shows the 9 strongest of 16 reconstructed coherent modes of the partially coherent beam. A common quadratic phase factor present in all coherent modes due to focusing was removed to aid visualization (the quadratic phase was kept for the subsequent spatial coherence analysis). Figure 4B shows the incoherent superposition of all coherent modes in the OSA plane. The beam in the OSA plane is approximately 20 m in diameter. In the lower right quadrant, the edge of the OSA is visible, indicating that the beam was slightly clipped by the aperture. The decreased intensity contrast as compared to Fig. 2L is due to the incoherent addition of all 16 coherent modes. Figure 4C shows a 1D section through the 4D mutual intensity of the beam, which was calculated from the coherent mode structure in Fig. 4A along the colored lines indicated in Fig. 4B . The mean of the extracted mutual intensity curves exhibits a half width at half maximum of 4.6 m ± 0.4 m. This may be interpreted as the characteristic length scale over which two points in the beam are mutually coherent in the OSA plane and under the given exit slit configuration (34) . The relative energy contained in each coherent mode is shown in Fig. 4D , showing that more than 99% of the relative energy is contained within the first nine coherent modes.
DISCUSSION
An interesting feature of the coherent mode decomposition in the present experiment is that all modes share vortices in the same locations. This is indicated by the white, dotted ellipsoidal regions in Fig. 4A . It follows that the beam's mutual intensity contains vortices in these locations, which are also known as coherence simplices (35) . A closer inspection reveals that the vortices in Fig. 4A share the same handedness. Thus, the beam carries accumulated vorticity from each individual coherent mode. Thanks to the completeness of the LG modes, theoretically any wavefront can be synthesized by a linear combination of these basis functions. Practically, wavefront shaping capabilities are limited by nanofabrication techniques for manufacturing the DOE for a given rotating beam profile. In particular, the width of LG modes increases with both azimuthal and radial order. More precisely, the beam width  of LG beams at distance f upstream the focal plane is given by (36)
Requiring a ZP of diameter Ø to support the beam width of an LG mode leads to the condition Ø ≥  or
where f is the focal length of the ZP. Thus, a finite-sized ZP admits only low-order LG modes. In addition, a large beam diameter potentially results in undersampled far-field diffraction measurements in PCDI experiments. To satisfy the Shannon-Nyquist sampling condition (37) in the detector plane, the focal plane spot size w 0 is limited by
where q is the detector pixel size and z is the sample-detector distance. It is noted that the latter condition may be relaxed using detector subsampling methods (38) . The ZP designs reported here were chosen to comply with both conditions 5 and 6. The common roadmap in most scanning microscopy techniques is to decrease the diameter of the incident optical beam or scanning probe focus to obtain localized information about a sample under study. In contrast, a unique feature of PCDI is the ability to computationally recover beams and objects with spatial resolution that can be orders of magnitude smaller than the size of the illuminating beam. While this stands out as an advantage of ptychography over classical scanning transmission x-ray and electron microscopy, an open problem is how to use the degrees of freedom gained by using extended beams. A number of studies empirically suggested the advantage of structured and randomized beams (39) (40) (41) (42) (43) , arguing the latter result in detector dynamic range advantages. However, there is a large variety in possible structured beam shapes generated from binary DOEs (27) . The work presented here allows for complex focused beam shaping and precise control over additional functionality such as OAM, a feature not afforded by randomized illuminations. Controlling multiple opposing OAM polarities with a single diffractive optical element may be relevant for OAM-induced x-ray magnetic dichroism studies, since it would allow to study the difference in absorption of photons with opposing OAM in a single ptychographic scan (23) .
CONCLUSION
In conclusion, we have generated helical soft x-ray beams using DOEs and characterized their properties by means of ptychography. The beams were computationally reconstructed by means of ptychography, affirming its ability for complex wavefront analysis. Theoretical limits that bound the radial and azimuthal order of LG modes generated from DOEs were discussed, as quantified by conditions 5 and 6. The coherent mode structure of a helical beam was analyzed, resulting in the observation of coherence simplices. An interesting future research direction will be to investigate the ability of helical beams to improve multislice ptychographic reconstructions. This route seems promising in light of 3D point source localization applications, where rotating point spread functions have previously been used to enhance the depth resolution in visible light microscopes (19, 20) .
MATERIALS AND METHODS
Nanofabrication
The ZPs were fabricated on a 100-nm Au layer sputtered on 50-nmthick Si 3 N 4 membranes. For patterning, a 30-keV Ga + focused ion beam (Nova NanoLab 600, FEI) was chosen with a current of 300 pA that results in a nominal beam size of 31 nm. The ZP pattern was written in a single cycle with 30-nm step size and 0.4-ms dwell time, which corresponds to 3.2% overlap and an ion dose of 8.3 × 10 16 ions/cm 2 . SEM images of the final ZPs are shown in Fig. 1 (A and B) . Notably, the vortex locations in the beams resulted in pitchfork-shaped structures as highlighted by the arrows in the insets.
Ptychographic reconstruction algorithm
The reconstruction results shown in Figs. 2 to 4 were obtained using the momentum-accelerated ptychographic iterative engine (mPIE) reported in (44) . The feedback and friction parameters were chosen to be  = 0.25 and  = 0.9, respectively, for both the probe and the object. The mPIE algorithm was modified to account for partial spatial coherence using the detector plane algorithmic methods reported in the supplementary materials of (33) . In addition, the measured diffraction data were subsampled by a factor of 2 using the approach reported in (38) , allowing us to extend the probe field of view in the object plane by the same factor. Working with larger probes has the practical advantage that the number of scan positions can be reduced resulting in accelerated data acquisition speed. For both datasets, the algorithm converged to the final results within 100 iterations.
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